Abstract. In this paper, we introduce the new notion of strong pseudo-Connes amenability for dual Banach algebras. We study the relation between this new notion to the various notions of Connes amenability. Also we show that for every non-empty set I, M I (C) is strong pseudo-Connes amenable if and only if I is finite. We provide some examples of certain dual Banach algebras and we study its strong pseudo-Connes amenability.
Introduction and Preliminaries
The concept of amenability for Banach algebras were first introduced by B. E. Johnson [16] . A Banach algebra A is amenable if and only if there exists a bounded net (m α ) in A⊗A such that a · m α − m α · a→0 and π A (m α )a→a for every a ∈ A. By removing the boundedness condition in the definition of amenability, Ghahramani and Zhang introduced the notion of pseudo amenability [5] . Recently Sahami introduced a notion of amenability, named strong pseudo-amenability [19] . A Banach algebra A is called strong pseudo-amenable, if there exists a (not necessarily bounded) net (m α ) in (A⊗A) * * such that a · m α − m α · a → 0, aπ * * A (m α ) = π * * A (m α )a → a (a ∈ A). The class of dual Banach algebras were introduced by Runde [13] . Let A be a Banach algebra and let E be a Banach A-bimodule. An A-bimodule E is called dual if there is a closed submodule E * of E In section 2, we investigate the relation between this new notion to the various notions of Connes amenability. In section 3, we show that for the Banach algebra of I × I-matrices over C, with finite ℓ 1 -norm and matrix multiplication, M I (C) is strong pseudo-Connes amenable if and only if I is finite. Also we show that for the set of all I × I-upper triangular matrices, U P (I, A) under this new notion I must be singleton. In section 4 we provide some examples of certain dual Banach algebras and we study its strong pseudo-Connes amenability. In particular, we show that ℓ 1 (N, max) is strong pseudo-Connes amenable but it is not Connes amenable.
Recently Sahami introduced the notion of ultra central approximate identity for Banach algebras which is a generalization of the bounded approximate identity and the central approximate identity [18] . We say that A Banach algebra A has an ultra central approximate identity if there exists a net (e α ) in A * * such that ae α = e α a and e α a → a; for every a ∈ A. He characterized the existence of an ultra central approximate identity for the semigroup algebra ℓ 1 (S), where S is a uniformly locally finite inverse semigroup. Also he showed that for the Brandt semigroup S = M 0 (G; I) over a non-empty set I, ℓ 1 (S) has an ultra central approximate identity if and only if I is finite [18, Theorem 2.8] .
In section 5 we study the relation between the property ultra central approximate identity and the notion ϕ-inner amenability for a Banach algebra A and A * * . Also we show that for a left cancellative regular semigroup S, ℓ 1 (S) * * has an ultra central approximat identity if and only if S is a group. Finally as an application, we investigate the property of ultra central approximate identity for ϕ-Lau product Banach algebras and the module extension Banach algebras. 
Strong pseudo-Connes amenability
Since π σwc is wk * -continuous and the multiplication in A is separately wk
Let E = I × Θ I be a directed set with product ordering defined by
where Θ I is the set of all functions from I into Θ and β
Suppose that γ = (α, β α ) and n γ = u α β . By iterated limit theorem [9, Page 69], one can see that Proof. Since A is strong pseudo-amenable, there exists a net (m α ) in (A⊗A) * * such that for every a ∈ A 
A dual Banach algebra A is called Connes biprojective if there exists a bounded A-bimodule morphism
Shirinkalam and second auther [24] showed that a dual Banach algebra A is Connes amenable if and only if A is Connes biprojective and has an identity. Proof. Since A is strong pseudo-Connes amenable, there exists a net (m α ) in (σwc(A⊗A)
for every x, y ∈ A. So θ ⊗ θ is a bounded linear map. For every a ∈ A and u ∈ A⊗A we have
By [12, Lemma 4.4], for every a ∈ A and f ∈ (B⊗B) * we have
and also
Define the map
and similarity for the right action for every a ∈ A, 
So B is strong pseudo-Connes amenable.
Corollary 2.10. Let A be a dual Banach algebra and let I be a wk * -closed ideal of A. If A is strong pseudo-Connes amenable, then A/I is strong pseudo-Connes amenable.
Proof. Since the quotient map q : A → A/I is a wk * -continuous map, by Proposition 2.9 the dual Banach algebra A/I is strong pseudo-Connes amenable.
Lemma 2.11. Let A be a dual Banach algebra and ϕ ∈ ∆ wk * (A). If A is strong pseudo-Connes amenable, then there is a net (n α ) in A such that
Proof. Since A is strong pseudo-Connes amenable, there is a net (m α ) in (σwc(A⊗A)
It is easy to see that
Since ϕ is wk * -continuous, by (2.7) one can see that
For each a ∈ A and f ∈ A * by (2.7), we have (2.9)
So for every α
Since ϕ is wk * -continuous, by [1, Chapter V; Theorem
Remark 2.12. Note that in the proof of Lemma 2.11 with the same conditions, if we define θ : A⊗A → A by θ(a ⊗ b) = ϕ(a)b for every a, b ∈ A, then there exists a net (n α ) in A such that
Some applications
Following [4] , Let A be a Banach algebra, I and J be arbitrary nonempty index sets and let P be a J × I matrix over A such that P ∞ = sup{ P j,i : j ∈ J, i ∈ I} ≤ 1. The set of all I × J matrices over A with finite ℓ 1 -norm and product XY = XP Y is a Banach algebra, which is denoted by LM (A, P ) and it is called the ℓ 1 -Munn I × J matrix algebra over A with sandwich matrix P . M I (C) the Banach algebra of I × I-matrices over C, with finite ℓ 1 -norm and matrix multiplication is a dual ℓ 1 -Munn algebra [25] .
Theorem 3.1. Let I be a non-empty set. Then M I (C) is strong pseudo-Connes amenable if and only if I is finite.
Proof. Let A = M I (C) be strong pseudo-Connes amenable. Then there is a net (m α ) in (σwc(A⊗A)
Let a be a non-zero element of A. Then there is a ψ in A * such that a(ψ) = 0. By similar argument as in Proposition 2.2, there is a bounded net (n γ ) in A⊗A such that, wk * -lim 
where ε i,j is a matrix belongs to M I (C) which (i, j)-th entry is 1 and others are zero. Let
Consider ε i0,j , ε i0,i as elements in A * , whenever i = j in I. So Let A be a dual Banach algebra and let I be a totally ordered set. Then the set of all I × I-upper triangular matrices with the usual matrix operations and the norm [a i,j ] i,j∈I = i,j∈I a i,j < ∞, becomes a Banach algebra and it is denoted by U P (I, A) = a i,j i,j∈I ; a i,j ∈ A and a i,j = 0 for every i > j .
Authors showed that U P (I, A) is a dual Banach algebra [23, Theorem 3.1].
Theorem 3.2. Let A be a dual Banach algebra with ϕ ∈ ∆ wk * (A) and let I be a totally ordered set with smallest element. Then U P (I, A) is strong pseudo-Connes amenable if and only if A is strong pseudo-Connes amenable and |I| = 1.
Proof. Let U P (I, A) be strong pseudo-Connes amenable. Assume that i 0 be a smallest element and ϕ ∈ ∆ wk * (A). We define a map ψ :
Since ϕ is wk * -continuous, ψ ∈ ∆ wk * (U P (I, A)). By Lemma 2.11 and Remark 2.12, there exists a net (n α ) in U P (I, A) such that
Using the argument of [19, Theorem 3.1], Let
One can see that J is a wk * -closed ideal in U P (I, A) and ψ| J = 0. Consider j 0 ∈ J such that ψ(j 0 ) = 1. Let m α = j 0 n α . since the multiplication in U P (I, A) is separately wk * -continuous [16, Exercise 4.4 .1], we may assume that (m α ) is a net in J such that
Suppose that |I| > 1 and m α has a form
,i0 x)→0, which is a contradiction. So |I| = 1 and A = U P (I, A) is strong pseudo-Connes amenable.
Converse is clear.
Examples
Example 4.1. Consider the Banach algebra ℓ 1 of all sequences a = (a n ) of complex numbers with
and the following product
for every a, b ∈ ℓ 1 . It is easy to see that ∆(ℓ 1 ) = {ϕ 1 } ∪ {ϕ 1 + ϕ n : n ≥ 2}, where ϕ n (a) = a(n) for every a ∈ ℓ 1 . By similar argument as in [22, Example 4 .1], (ℓ 1 , * ) is a dual Banach algebra with respect to c 0 . We show that c 0 is an ℓ 1 -module with dual actions. In fact for every a ∈ ℓ 1 and λ ∈ c 0 we have
Since λ vanishes at infinity and sup n |a(n)| < ∞, one can see that a · λ vanishes at infinity and similarity for the right action. So c 0 is a closed ℓ 1 -submodule of ℓ ∞ . We claim that ℓ 1 is not strong pseudo-Connes amenable. Suppose conversely that ℓ 1 is strong pseudo-Connes amenable. Since ϕ 1 is wk * -continuous, by Lemma 2.11 there is a bounded net (m α ) in ℓ 1 that satisfies
Using 
A note on ultra central approximate identity for Banach algebras
Jabbari et al. have introduced the notion of ϕ-inner amenability [7] . For a given Banach algebra A, Let A ϕ = {a ∈ A : ϕ(a) = 1}, where ϕ is a linear multiplication functional on A. A Banach algebra A is called ϕ-inner amenable if there exists a bounded linear functional m on A * satisfying m(ϕ) = 1 and m(f · a) = m(a · f ) for every f ∈ A * and for every a ∈ A ϕ . This notion is equivalent with the existence of a bounded net (a α ) in A such that aa α − a α a → 0 and ϕ(a α ) = 1, for every a ∈ A [7, Theorem 2.1].
Theorem 5.1. Let A be a Banach algebra and ϕ ∈ ∆(A). If A * * has an ultra central approximate identity, then A is ϕ-inner amenable.
Proof. Suppose that A * * has an ultra central approximate identity. Then there exists a net (e α ) in A * * * * such that (5.1) ae α = e α a, ae α → a, (a ∈ A * * ).
We denoteφ for unique extension of ϕ to A * * is defined byφ(λ) = λ(ϕ) for every λ ∈ A * * and alsõ ϕ is denoted for the unique extension ofφ to A * * * * is defined in the same way. Clearlyφ ∈ ∆(A * * * * ) andφ ∈ ∆(A * * ). Soφ(e α ) → 1 for every a ∈ A * * . Thus for a sufficient large α,φ(e α ) stays away from zero. Replacing
with e α , we may assume thatφ(e α ) = 1. By Goldstein's Theorem for every α, there exists a net (m Let F = {a 1 , a 2 , ..., a n } be an arbitrary finite subset of A. Set
where for every i, A i = A * * . It is easy to see that V is a convex set and (0, 0, ..., 0) is a wk-limit point of V . Since (0, 0, ..., 0) ∈ V w = V ||·|| , there exists a bounded net (n α β ) β in A * * such that
. By Banach-Alaghlou's theorem, (n α β ) β has a wk * -limit point say N ∈ A * * . One can see that
It follows that A is ϕ-inner amenable.
Using the similar argument as in the proof of the theorem 5.1, we have the following corollary:
Corollary 5.2. Let A be a Banach algebra and ϕ ∈ ∆(A). If A has an ultra central approximate identity, then A is ϕ-inner amenable.
With the finite ℓ 1 -norm and matrix multiplication, A becomes a Banach algebra. We claim that A * * doesn't have an ultra central approximate identity. We go toward a contradiction and suppose that A * * has an ultra central approximate identity. Define ϕ : A → C by ϕ((a i,j ) i,j∈N ) = a 11 for every (a i,j ) i,j∈N ∈ A. It is easy to see that ϕ ∈ ∆(A). Thus by Theorem 5.1, A is ϕ-inner amenable. By [7, Theorem 2.1] there exists a bounded net
instead of a in (5.2), we have n 1 α → 0 which is a contradiction. So A * * doesn't have an ultra central approximate identity.
Example 5.4. Let S be a left zero semigroup with |S| ≥ 2, that is, a semigroup with st = s, for all s, t ∈ S. We claim that the semigroup algebra ℓ 1 (S) doesn't have an ultra central approximate identity. Suppose conversely that ℓ 1 (S) has an ultra central approximate identity. It is easy to see that f g = ϕ S (g)f, where ϕ S is denoted for the augmentation character on ℓ 1 (S) [ 
for all f ∈ ℓ 1 (S). Since |S| ≥ 2, set f = δ s1 and f = δ s2 and put f in (5.3) we have n α → δ s1 and n α → δ s2 which is a contradiction. Thus ℓ 1 (S) doesn't have an ultra central approximate identity.
We present some notions of semigroup theory. The semigroup S is called left cancellative, if for every a, b, c in S, ca = cb ⇒ a = b. The semigroup S is called regular semigroup, if for every s ∈ S there exists s * ∈ S such that s = ss * s and s * = s * ss * [6] . for every a ∈ ℓ 1 (S). So
in ℓ 1 (S) * * * * . Applying iterated limit theorem [9, Page 69], we have a net (E γ ) in ℓ 1 (S) * * such that
in ℓ 1 (S) * * * * . It is easy to see that
.., a n } be a finite subset of ℓ 1 (S). Set
It is easy to see that V is a convex subset of
A i , where for every i, A i = ℓ 1 (S) * * and (0, 0, ..., 0) ∈
for every a ∈ ℓ 1 (S). Using a similar arguments we may suppose that (E γ ) is a net in ℓ 1 (S) such that
for every a ∈ ℓ 1 (S). So ℓ 1 (S) has an approximate identity. It follows that δ s E γ → δ s . Then there exists t ∈ S such that st = s. Suppose conversely that for every t ∈ S, st = s. Assume that E γ has a form 
For every s ∈ S by (5.4), lim γ δ s E γ = δ st . On the other hand, (E γ ) is an approximate identity for ℓ 1 (S).
So lim γ δ s E γ = δ s . It follows that s = st, so t is the identity of S. Since S is a regular, for every s ∈ S there exists s * ∈ S such that ss
Again the left cancellativity of S implies that s * s = ss * = t. It deduces that S is a group. For converse, if S is a group, then ℓ 1 (S) has an identity. So ℓ 1 (S) * * has an identity. It follows that ℓ 1 (S) * * has an ultra central approximate identity.
Let A and B be Banach algebras with ϕ ∈ ∆(B). Consider the Cartesian product A × B. Equip A × B with the norm ||(a, b)|| = ||a|| A + ||b|| B and ϕ-Lau product, that is, the product which is defined by Then A × B becomes a Banach algebra which we denote it with A × ϕ B. Note that (A × ϕ B) * * (with the first Arens product) is isometrically isomorphism with A * * × ϕ B * * , and also for every (m, n) and (a, b) in A * * × ϕ B * * we have (m, n)(a, b) = (ma + n(φ)a + b(φ)m, nb), for more information about the Lau product and its generalization see [10] and [20] . Therefore n α b = bn α → b for all b ∈ B. So B has an ultra central approximate identity.
Let A be a Banach algebra and X be a Banach A-bimodule. The module extension A ⊕ X is a Banach algebra with the following multiplication (a, x)(b, y) = (ab, ay + bx), (a, b ∈ A, x, y ∈ X) and the norm ||(a, x)|| = ||a|| A + ||x|| X . The Banach A-bimodule X is called commutative if ax = xa for every a ∈ A and x ∈ X. It is easy to see that (A ⊕ X) * * can be identified with A * * ⊕ 1 X * * (as a Banach space) and the first Arens product on (A ⊕ X) * * is given by (m, λ)(n, µ) = (mn, mµ + λn), (m, n ∈ A * * , λ, µ ∈ X * * ).
For more information about the module extension see [26] .
Proposition 5.7. Let A be a Banach algebra and X be a commutative Banach A-bimodule. If the module extension A ⊕ X has an ultra central approximate identity, then A has an ultra central approximate identity.
Proof. Suppose that the module extension A ⊕ X has an ultra central approximate identity. Then there exists a net (m α , λ α ) in (A ⊕ X) * * such that (m α , λ α )(a, x) = (a, x)(m α , λ α ), (m α , λ α )(a, x) → (a, x), (a ∈ A, x ∈ X).
It implies that for every a ∈ A and x ∈ X, (i) (m α a, m α x + λ α a) = (am α , aλ α + xm α ), (ii) (m α a, m α x + λ α a) −→ (a, x). So m α a = am α and m α a → a. Thus A has an ultra central approximate identity.
